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The effect of magnetic field on an ultrathin magnetic topological insulator film with structural
inversion asymmetry is investigated. We introduce the phase diagram, calculate the Landau-level
spectrum analytically and simulate the transport behavior in Landauer-Bu¨ttiker formalism. The
quantum anomalous Hall phase will survive increasing magnetic field. Due to the two spin polarized
zero modes of Landau levels a nontrivial phase similar with quantum spin Hall effect can be induced
by magnetic field which is protected by structural inversion symmetry. Some exotic longitudinal
and Hall resistance plateaus with fractional values are also found in a six terminal Hall bar, arising
from the coupling between edge states due to inverted energy band and Landau levels.
PACS numbers: 73.43.-f, 73.50.-h, 71.70.Di
I. INTRODUCTION
The quantum Hall effect (QHE),1 as a quantized ver-
sion of Hall effect,2 occurs when dissipationless chiral
edge states form at sample edges due to the Landau
level (LL) quantization in the perpendicular magnetic
field. QHE is also suggested to exist without LLs and
magnetic field.3–5 In this type of QHE, the chiral edge
states are due to the inverted energy band structure. It
is considered the quantized version of the anomalous Hall
effect6 and named as quantum anomalous Hall (QAH) ef-
fect. If time reversal symmetry (TRS) is preserved, coun-
terpropagate dissipationless edge states can form due to
inverted energy band structure,7 which is named quan-
tum spin Hall (QSH) effect as a quantized version of spin
Hall effect.8 In QSH effect, two counterpropagate spin po-
larized edge states will vanish the Hall resistance while
the longitudinal resistance is quantized to be h/(2e2).9,10
QSH effect is soon discovered9 after the prediction.7 How-
ever the QAH effect is observed very recently by Chang
et al11 though predicted much earlier.3
In Ref.(11), QAH effect is observed in a magnetically
doped topological insulator (TI) film. The TI is a new
phase of matter which behaves as an insulator in the bulk
but has dissipationless edge states (two dimensional) or
surface states (three dimensional).12 The low energy ex-
citation is the massless Dirac fermion for isolated surface
states. But if the TI film is thin enough, inter-surface
tunnelling will occur resulting in an energy gap to make
the excitation massive.13,14 By magnetically doping the
TI film, ferromagnetic order will form resulting in an ex-
change field at low temperature. If the exchange field
overcomes the energy gap and is perpendicular to the
film, QAH effect will occur.4 With gates on both sur-
faces of the film, the potential of each surface as well the
Fermi energy of the sample can be tuned conveniently.
The potential difference between two surfaces acts as a
structure inversion asymmetry (SIA) term. In Ref.(11)
measurement under magnetic field is also performed, but
only the QAH resistivity plateau is observed even in a
strong magnetic field. The QHE keeps missing because
of the low mobility of the sample. Therefore it’s still un-
known how the QAH effect and QHE will interplay and
what’s the effect of SIA potential in presence of magnetic
field.
Existing literature mainly focus on the LL spectrum
in two dimensional (2D) infinite TI film.9,15–18 In a per-
pendicular magnetic field, both the massless and mas-
sive Dirac fermions will quantize into LLs.19 The isolated
surface state accounts for the massless case17 and the k-
independent inter-surface tunneling acts as the mass term
which can be tuned by the thickness.15 Indeed there has
already been several experimental progress. The quan-
tized LLs for massless Dirac fermions have been measured
in Bi2Se3,
20 Sb2Te3,
21 Bi2Te3,
22 and HgTe.23 However
the effect of k-dependent inter-surface tunneling, SIA po-
tential and exchange field is still not studied theoretically.
The k-dependent tunneling will make two zero modes of
LLs linearly depend on the magnetic field and cross to
form a QSH-like phase. SIA potential term is necessary
to describe the potential distribution in the perpendicu-
lar direction even for a film grown on a substrate with a
single back gate.24
Few work focuses on the transport simulation to un-
derstand the interplay between QAH effect and QHE.
Though LL spectrum is helpful, transport simulation is
still necessary to give a complete explanation. The rea-
son is that edge state occurs at the boundary, then only
in a finite size sample the coupling between the edge state
due to inverted band structure and edge state due to LLs
are uncovered directly. Indeed, the coupling gives rise to
exotic behavior missing in LL spectrum.
In this paper we study the property of a magnetic TI
film with SIA in a perpendicular magnetic field. Both
the LL spectrum and transport simulation are investi-
gated. The two zero modes are spin polarized with op-
posite Chern number to form a QSH-like phase protected
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2by structural inversion symmetry at small magnetic field.
Magnetic field can’t break the QAH phase with Chern
number C = 1. When it comes to the case of nanorib-
bon with open boundary condition, the edge state due
to the inverted band structure will couple with the edge
state due to LLs at the same edge to form an exotic en-
ergy band. Correspondingly exotic resistance plateaus
with nonzero longitudinal component can be observed in
a six terminal Hall bar. Besides we find that it’s help-
ful to classify the LLs according to the energy band they
correspond to. The coupling between edge state due to
inverted energy band and edge states due to LLs corre-
sponding to trivial energy band is weaker than that to
nontrivial band.
The rest of the paper is organized as follows. In Sec.
II, we introduce the Hamiltonian and the phase diagram
in absence of magnetic field. In Sec. III, we derive the
LL spectrum in the infinite system analytically. In Sec.
IV, we study the transport properties of the six-terminal
system in Landauer-Bu¨ttiker formalism. A summary is
given in the last section.
II. HAMILTONIAN AND PHASE DIAGRAM
The effective Hamiltonian near the Γ point for bulk
Bi2Se3 is given by
25
Hbulk=0(k)I4×4+
 M(k) −iA1∂z 0 A2k−−iA1∂z −M(k) A2k− 00 A2k+ M(k) iA1∂z
A2k+ 0 iA1∂z −M(k)
 ,
(1)
in the basis formed by the hybridized states of Se and Bi
pz orbitals, denoted as (|p1+z ,↑〉, |p2−z ,↑〉, |p1+z ,↓〉, |p2−z ,↓
〉)T . where k± = kx ± iky, 0(k) = C − D1∂2z + D2k2,
M(k) = M+B1∂
2
z−B2k2, and k2 = k2x+k2y, with A1, A2,
B1, B2, C, D1, D2 and M being the model parameters.
For a thin film with surfaces perpendicular to the
z-direction, surface states will emerge with effective
Hamiltonian4,26
Hsf = A˜2(kyσx−kxσy)τz +mkτx, (2)
in basis (|t ↑〉, |t ↓〉, |b ↑〉, |b ↓〉)T , where t (b) represents
the top (bottom) surface states and ↑ (↓) represent the
up(down)-spin states. |↑(↓)〉 is the superposition of the
up(down)-spin hybridized states of Se and Bi pz orbitals.
σx,y,z and τx,y,z are Pauli matrices acting on spin space
and mixing the top and bottom surface states respec-
tively. The first term in Hamiltonian describes the free
surface states with A˜2 = ~vF describing the Fermi ve-
locity of surface state. The second term is the cou-
pling between the top and bottom surface states with
mk = m0 +Bk
2. Inter-surface tunneling will open a gap
with width 2m0, then the ultrathin three dimensional TI
film is in QSH phase with two inverted band structure
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FIG. 1: (Color online) (a1,b1) phase diagrams in the plane of
SIA potential δV and Fermi energy Ef . Regions I-VI are in
inverted regime. Region I (IV) is the QAH (QPH) phase with
Fermi level in the bulk gap, and II,V (III,VI) are the n(p)-
doped inverted system. Region VII is the normal insulator
phase with Fermi level in the bulk gap. Regions VIII and
IX are in normal metal phase. (a2,b2) Hall conductance as a
function of Fermi energy for several δV . (a3,b3) the energy
dispersion of the 2D system in a certain direction. (a4,b4)
the energy dispersion of a nanoribbon with the ribbon width
480nm. (a1-4) for m0/B < 0 and (b1-4) for m0/B > 0 with
the exchange field M = −15meV . Energy in unit of meV in
this paper if not indicated.
for m0/B < 0 and topological trivial phase for m0/B > 0
depending on film thickness.4,13,27,28
Then the Hamiltonian of the thin magnetic TI film
with electric potential on both surfaces can be written
as,
H= Hsf +Mσz+
δV
2
τz (3)
The second term is due to the exchange field along z
direction to describe the ferromagnetic order induced by
magnetic dopants. It acts just like the Zeeman energy. A
moderate enough exchange field (|M | > |m0|) will alter
3the energy band resulting in only one inverted band to
give rise to the QAH phase both for m0/B < 0 and
m0/B > 0 . The last term is the SIA potential, i.e.
it describes the effect of the gate voltages on top and
bottom surfaces with magnitudes ±δV/2 respectively.
There is only a difference of unitary transformation
between H(−δV,mk, vF ,M), H(δV,−mk, vF ,M),
H(δV,mk,−vF ,M), −H(δV,mk, vF ,−M) and
H(δV,mk, vF ,M). Therefore we only consider the
positive SIA potential δV , the positive m0 and the
negative M . Accordingly parameters in Hamiltonian
are chosen as vF = 4.53 × 105ms−1, m0 = 5meV
and B = ±800meV · nm2 in this paper.29 Both cases
m0/B < 0 and m0/B > 0 are studied respectively. For
the case M = 0 the system lies in QSH phase which
has been studied in detail and well understood.9,12,30,31
Therefore we mainly focus on the case |M | > m0 and
set M = −15meV so that the QAH phase will emerge
for both m0/B < 0 and m0/B > 0 in absence of SIA
potential (δV = 0).
The continuous energy band of the Hamiltonian (3) is
derived as,
2 = ~2v2F k2 +m2k +M2 + δV 2/4
± 2
√
m2kM
2 +M2δV 2/4 + ~2v2F k2δV 2/4. (4)
An energy gap can be opened by the inter-surface tun-
neling mk, exchange field M or SIA potential δV . There
are two branches split by exchange field and SIA po-
tential in both electron-like and hole-like energy bands.
Fig.1 (a3,b3) show energy dispersion curves. The two
branches will cross for m0/B < 0 and δV = 0. However,
even a tiny δV can break the crossing. In the follow-
ing we will show that this crossing leads to interesting
phenomena.
Tuning the potential difference δV adiabatically, the
energy gap will close and reopen according to Eq.(4).
For m0/B < 0 the gap closing occurs twice for
|δV |/2 =
√
M2 −m20 at Γ point and |δV |/2 =√
M2 + ~2v2F |m0/B| at |k| =
√−m0/B in k-space as
shown in Fig.1(a1). For the m0/B < 0 case, the gap
only closes and reopens once for |δV |/2 =
√
M2 −m20
at Γ point. Fig.1(a/b1) show the phase diagram in the
plane of the SIA potential δV and Fermi energy Ef , in
which nine regions emerge for the m0/B < 0 case and six
regions for the m0/B > 0 case. To determine the topo-
logical property of each region we calculate the Chern
number which equals the zero-temperature Hall conduc-
tance by GH =C
e2
h and can be calculated via the Kubo
formula32,33
GH=
2e2
~
∫
BZ
dkxdky
(2pi)2
∑
l<Ef<n
Im
〈l| ∂H∂kx |n〉〈n| ∂H∂ky |l〉
(l − n)2 , (5)
where BZ represents first Brillouim zone, and l/n and
|l/n〉 are the corresponding eigenenergy and eigenstate
respectively. Results shown in Fig.1(a2,b2) indicate that
regions I-III in Fig.1(a1,b1) are in inverted regime. To
determine the property of regions IV-IX, we calculate the
energy dispersion of a nanoribbon with open boundary
condition along y direction to check directly whether an
edge state exists or not. Results in Fig.1(a4,b4) suggest
that regions IV-VI and VII-IX are in inverted regime
and normal insulator regime respectively. And region
IV is a quantum pseudo-spin (QPH) phase13,28 with two
counterpropagating edge states at the same edge of the
sample. In short it goes through QAH phase, QPH phase
and normal insulator phase as δV increases from zero for
m0/B < 0. In contrast, in the case m0/B > 0, it directly
goes from QAH phase to the normal insulator phase, and
the QPH phase doesn’t appear.
Integers in Fig.1(a2,b2) show the Chern number of
the corresponding band. From Fig.1(a4,b4) and the
Chern number, we indicate that the inner (outer) two
bands are trivial (nontrivial) for m0/B < 0 but non-
trivial (trivial) for m0/B > 0 in absence of SIA poten-
tial (δV = 0). But even for a small nonzero SIA po-
tential δV , the two inner bands are nontrivial and the
outer ones are trivial in the inverted regime. While δV
is large enough (δV/2 >
√
M2 −m20 for m0/B > 0 or
δV/2 >
√
M2 + ~2v2F |m0/B| for m0/B < 0), the sys-
tem is in the normal regime, and then all four bands are
trivial.
III. MAGNETIC FIELD AND LANDAU LEVELS
In this section the LL spectrum of the 2D infinite sys-
tem is studied. It is useful for understanding magnetic
properties, such as the Hall effect, magneto-optics and
Shubnikov-de Haas oscillation.
Magnetic fields will induce two types of contributions,
the orbital effect and the Zeeman effect. The Zeeman
term takes the same form as the exchange field but
with a lesser order of magnitude. Therefore the Zee-
man term can be neglected in the effective Hamiltonian.
The orbital effect can be included by Peierls substitution
k → pi = k + e~A in which A = (Bzy, 0, 0) for mag-
netic field (0, 0,−Bz) and e is the magnitude of electron
charge. To calculate the LL spectrum we define the anni-
hilation and creation operator for the harmonic oscillator
function φN as aˆ = lcpi+/
√
2, aˆ† = lcpi−/
√
2 satisfying
[aˆ, aˆ†] = 1, aˆ φN =
√
NφN−1, aˆ† φN =
√
N + 1φN+1
with lc =
√
~
eBz
, pi± = pix ± ipiy and N = 1, 2, 3, ... .34
Then the Hamiltonian can be written as
H˜=

M + δV/2 iω1a
† mN − α/2 0
−iω1a −M + δV/2 0 mN − α/2
mN − α/2 0 M − δV/2 −iω1a†
0 mN − α/2 iω1a −M − δV/2

in which mN = m0 − αaˆ†aˆ, ω1 = vF
√
2eBz~
and α = − 2eBzB~ . With the wave function ansatz
ψN = (f
N
1 φN , f
N
2 φN−1, f
N
3 φN , f
N
4 φN−1)
T , the Hamilto-
4nian can be written as
H˜ ′=
 M + δV/2 iωN m˜N − α/2 0−iωN −M + δV/2 0 m˜N + α/2m˜N − α/2 0 M − δV/2 −iωN
0 m˜N + α/2 iωN −M − δV/2

(6)
in which m˜N = m0 − αN and ωN = vF
√
2e~BzN . Then
LLs can be solved from the secular equation straightfor-
wardly.
The zero mode of LLs can be derived as E0± =
M ±√(m0 − α/2)2 + (δV/2)2 with wave function ψ0 =
(f01φ0, 0, f
0
3φ0, 0)
T . In absence of SIA potential, the two
branches are defined as E0± = M ± (m0 + eBBz~ ) which
depends linearly on magnetic field. However the general
analytical expression for nonzero modes is tediously long.
Here we only analytically give the solutions in which case
the electron-like and hole-like nonzero modes are sym-
metrical:
case I: B = 0, with only lowest-order inter-surface tun-
nelling,
E2N = ω
2
N + (
δV
2
)2 +M2 +m20
± 2
√
ω2N (
δV
2
)2 + (
δV
2
)2M2 +M2m20, (7)
case II: M = 0, undoped TI film,
E2N = ω
2
N + (
δV
2
)2 + (
α
2
)2 + m˜2N
± 2
√
ω2N (
δV
2
)2 + (
δV
2
)2(
α
2
)2 + (
α
2
)2m˜2N . (8)
By eliminating the extra terms, i.e. inter-surface tun-
neling mk, exchange field M and SIA potential δV , the
LL spectrum of Dirac electrons with linear energy disper-
sion is reduced into EN = sign(N)vF
√
2eBz~|N | with
N = 0,±1,±2... which is the well known result.19,36 How-
ever, the existence of these terms makes the dependence
on N and Bz complex. Exchange field will break the
symmetry of electron-like and hole-like LLs. LLs will
emerge and split to realize fascinating phases by varying
the magnetic field and SIA potential as is shown in Fig.2.
If magnetic field is close to zero, Bz ≈ 0, the nonzero
LLs will converge at EN ≈ ±(M ±
√
m20 + δV
2/4) while
zero modes at E0± ≈ M ±
√
m20 + δV
2/4. Accordingly
LLs can be classified into four groups as is shown in
Fig.2 (a/b1-4). Each group corresponds to one branch
of the four energy bands. For instance, the group that
converges at M −
√
m20 + δV
2/4 corresponds to the neg-
ative outer energy band. Red integers in Fig.2 repre-
sent Chern numbers of each region from which the Chern
number of each mode of LLs can be indicated. The two
zero modes have opposite Chern numbers. If E0− corre-
sponds to a trivial band it will be hole-like with negative
Chern number C = −1 the same as nonzero modes in the
same group, see Fig.2(a2-4,b1-4). However E0− will be
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FIG. 2: (Color online) Landau level spectrum. (a/b1-4) LLs
as a function of magnetic field for several δV . (a/b5) LLs as
a function of δV for Bz = 3T . Light green lines are the zero
modes E0±. E0− is the one lies below at small magnetic field.
Red integers indicate the Chern number. (a1-5) for m0/B <
0, (b1-5) for m0/B > 0. The exchange field M = −15meV .
electron-like with positive Chern number different from
other modes in the same group if it corresponds to a
nontrivial band, see Fig.2(a1).
In Fig.2(a1) E0− lies below E0+ and cross with the
hole-like inner LLs with negative Chern number for Bz<
Bc = −~m0eB ≈ 4.1T . Here 4.1T also is the crosspoint of
E0+ and E0− (see the light green lines in Fig.2(a1)). As a
result, in the region encircled by E0− and E0+, there will
be one anticlockwise edge state, E0−, and several clock-
wise edge states for a finite size sample with appropriate
Fermi energy E0−<Ef <E0+. Decreasing the magnetic
field from Bc, more clockwise edge states will emerge. In
the region E0− < Ef < E1 and 0 < Bz < 0.7T (0.7T is
the crosspoint of E0− and E1, the N = 1 mode of inner
hole-like LLs), there are more than one clockwise edge
states but the anticlockwise edge state is one always.
The regime with vanished Chern number in Fig.2(a1)
is similar with that in inverted HgTe/CdTe quantum
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FIG. 3: (Color online) Hall resistance RH and longitudinal resistance RL as a function of Fermi energy Ef for several SIA
terms in absence of magnetic field. (a1-2) for m0/B < 0, (b1-2) for m0/B > 0. Inset is the schematic of the Hall bar. The
width of both the central region and six contacts is 480nm.
well in Ref.(9,30). Two zero modes are up-spin polar-
ized completely with opposite Chern number. There-
fore zero modes lead to a QSH-like phase with vanished
Chern number and counterpropagating edge states for
Bz < Bc. By increasing the magnetic field from Bc,
two zero modes will cross with each other to form a
normal-insulator gap. It’s well known that magnetic
field is to break the QSH phase,30 here we show that
the moderate magnetic field can result in and large mag-
netic field can break the QSH-like phase. Besides, since
E0+ − E0− = 2
√
(m0 − α/2)2 + (δV/2)2, the SIA term
will break the crossing of zero modes (see Fig.2(a1-2)),
leading to a normal-insulator gap though they are in the
same phase for |δV |/2 <
√
M2 −m20 in absence of mag-
netic field. The reason is that the presence of SIA po-
tential makes the topological properties of inner bands
and outer bands exchange abruptly. Exchange field will
not contribute since it can not lead that change. For
m0/B > 0, there is no cross between two zero modes
E0± (see Fig.2(b1-4)) and the QSH-like phase does not
emerge. In brief the QSH-like phase is irrelevant with
the exchange field and protected by structural inversion
symmetry and m0/B < 0.
In Fig.2(a/b1-2) there is only one region with Chern
number C = 1 due to one zero mode for |δV |/2 <√
M2 −m20, which is just the boundary of QAH phase
for vanishing magnetic field. And for Bz ≈ 0 the
width of this region is given as M +
√
m20 + δV
2/4 <
Ef < −M −
√
m20 + δV
2/4, which is just the nontriv-
ial gap of the QAH phase. Therefore the C = 1 re-
gion can be seen as a QAH phase. In other words QAH
phase can survive by increasing magnetic field consis-
tent with the experiment result by Chang et al.11 In-
creasing δV from zero, the inner two groups of LLs
corresponding to ±(M +
√
m20 + δV
2/4) will move up-
ward or downward respectively to meet at Bz = 0 when
δV/2 =
√
M2 −m20. Increase δV anymore, two groups
of LLs will exchange Chern number with a insulator-gap
formed, to lead a region with Chern number C = 0. In-
creasing δV anymore, the gap will enlarge for m0/B > 0,
see Fig.2(b3-4). But it will close and reopen at about
δV/2 =
√
M2 −m0~2v2F /B for m0/B < 0, see Fig.2(a3-
4). To further show the effect of SIA potential, we plot
LLs against δV at fixed magnetic filed Bz = 3T in Fig.2
(a5,b5). As expected the region with Chern number
C = 1 at small δV corresponds to the QAH phase, large
SIA potential will break the QAH phase.
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IV. TRANSPORT ANALYSIS
This section is to study the transport properties of a
standard Hall bar with six leads (as shown in the inset of
Fig.3) by Landauer-Bu¨ttiker formalism at zero tempera-
ture. On one hand numerical results here will verify the
analysis in Sec.II and Sec.III. On the other hand finite
size will lead to an intrinsic edge state due to inverted en-
ergy band in the nontrivial energy gap. And in presence
of magnetic field, this intrinsic edge state will coexist or
couple with the magnetic edge state due to LLs leading
to exotic transport phenomena.
For convenience, we discretize the Hamiltonian in
Eq.(3) in square lattice:
Hd =
∑
x
[ψ†xT0ψx + (ψ
†
xTxψx+δxˆ + ψ
†
xTyψx+δyˆ +H.C.)]
T0 = Mσz + m˜0τx +
δV
2
τz
Tx = (itaσyτz −Baτx)eiφx,x+δxˆ
Ty = (−itaσxτz −Baτx)eiφx,x+δyˆ (9)
where x is the site index and δxˆ (δyˆ) is the unit vector
along x (y) direction. ψx = (ax, bx, cx, dx)
T represents
the four operators annihilate an electron on site x in
states |t ↑〉, |t ↓〉, |b ↑〉, |b ↓〉 respectively. V represents
the onsite energy term and Tx/y represents the hopping
term along x/y direction. The effect of the perpendicu-
lar magnetic field Bz is included by adding to the hop-
ping matrix a phase term φx1,x2 =
∫ x2
x1
A · dl/φ0 where
A = (Bzy, 0, 0) is the vector potential inducing magnetic
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FIG. 7: (Color online) The energy dispersion for a nanoribbon
with width of 480 nm for several magnetic field. Parameters
are identical to those in Fig.6.
field −Bz along z direction and φ0 = ~/e. Other pa-
rameters in Hamiltonian (9) are given as : ta =
~vF
2a ,
Ba = B/a
2, m˜0 = m0 + 4Ba. a = 4nm is the lattice con-
stant along x/y direction. The width of both the central
region and six contacts is 480nm.
In Landauer-Bu¨ttiker formalism the current flowing
out of lead i is given by,37–39
Ii =
e2
h
∑
j
Tij(Ef )(Vi − Vj) (10)
where Vi is the bias voltage on lead i and Tij(Ef ) =
Tr[ΓiGrΓjGa] is the transition coefficient from lead j to i
at Fermi energy Ef . G
r = [Ga]† = 1/(Ef−H˜−
∑6
i=1 Σ
r
i )
is the retarded Green’s functions and H˜ is the Hamilto-
nian of the central region. Σri = [Σ
a
i ]
† is the retarded
self-energy coupling to lead i which can be calculated
numerically.40 The linewidth function Γi is related to the
self-energy by Γi = i(Σ
r
i − Σai ). We apply a small bias
V = V1 − V4 across the sample and set leads 2, 3, 5, 6
as voltage leads with current being zero. Then from
Eq.(10), voltages V2, V3, V5 and V6 and the current
I = I1 = −I4 flowing over the sample from lead 1 to
4 can be calculated. At last the Hall and longitudinal
resistance are given by RH ≡ V6−V2I and RL ≡ V2−V3I
respectively.
The longitudinal and Hall resistances in absence of
magnetic field are shown in Fig.3, which verify the anal-
ysis in Sec.II. Fig.3(a1-2) correspond to the m0/B < 0
case. For δV < 2
√
M2 −m20 ≈ 28meV , Hall resis-
tance shows a Hall plateau with the plateau value h/e2
and the longitudinal resistance is zero at the position of
the Hall plateau. This corresponds to the QAH phase
which has been observed in the recent experiment.11 For
28mev < δV <
√
M2 −m0~2v2F /|B| ≈ 56mev, the Hall
resistance is almost zero, but the longitudinal resistance
shows a plateau with the plateau value h/2e2, which
corresponds to the QPH phase, i.e. the phase IV in
Fig.1(a1). Increase δV anymore, the resistance at cer-
tain regime become infinite corresponding to the normal-
insulator phase VII in Fig.1(a1). On the other hand, for
m0/B > 0 case, the system directly goes from the QAH
phase to the normal-insulator phase without passing the
QPH phase by increasing δV . Therefore there is no lon-
gitudinal resistance plateau, and only the Hall plateau
is observed at δV < 2
√
M2 −m20 (see Fig.3(b1-2)). RH
and RL are symmetric about Ef = 0. The reason is
that the Hamiltonian (see Eq.(3)) is invariant under the
spatial inversion and electron-hole transformation and re-
sultantly the energy band (see Fig.1(a4,b4)) is symmetric
about Ef = 0. Magnetic field will destroy electron-hole
symmetry and the energy band and resistances will be
asymmetric about Ef = 0 as shown in the following.
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with width of 480 nm for several magnetic field. Parameters
are identical to those in Fig.8.
In the following we study the effect of magnetic field.
We first consider the case m0/B < 0 and δV = 0. The
longitudinal and Hall resistances are shown in Fig.4. For
positive Fermi energy, there are several integer quantum
Hall (IQH) -like plateaus with zero longitudinal resis-
tance and integer Hall resistance. These plateaus are
consistent with Chern numbers calculated by Kubo for-
mula and can be explained with LL spectrum completely.
For negative Fermi energy at small magnetic field, see
Fig.4(a), there is no IQH-like plateau but some exotic
plateaus with nonzero longitudinal resistances. However
both IQH-like and exotic plateaus will form at nega-
tive Fermi energy regime for larger magnetic field, see
Fig.4(b). The exotic plateaus with values (RL, RH) =
( 12h/e
2, 0), ( 29h/e
2,− 13h/e2), ( 328h/e2,− 27h/e2)..., can be
described by
RL =
nanc
n3a + n
3
c
h
e2
, RH =
n2a − n2c
n3a + n
3
c
h
e2
, (11)
with (na, nc) = (1, 1), (1, 2), (1, 3)... . The first pair
is a QSH-like plateau and the followings are fractional
plateaus. nc and na represent the number of clockwise
and anticlockwise edge states respectively. Suppose that
only edge states contribute to transport without mix-
ing, then Eq.(11) can be derived straightforwardly with
Landauer-Bu¨ttiker formula similar with that in the QSH
effect case.30 Therefore these exotic plateaus originate
from the coexistence of clockwise and anticlockwise edge
states.
In order to examine it more clearly, we study the en-
ergy dispersion for several magnetic fields as shown in
Fig.5(a). Since δV = 0 the Hamiltonian can be decou-
pled into inverted (see red curves in Fig.5(a)) and non-
inverted (see blue curves in Fig.5(a)) block. Increasing
magnetic field the Dirac cone will move downward into
the trivial band. Then magnetic edge states due to LLs
and the intrinsic edge state due to intrinsic energy band
will counterpropagate at the same edge of the sample for
certain Fermi energy regime. Consequently a nonzero
longitudinal plateau will emerge. Such analysis is consis-
tent with that by LL spectrum in Fig.2(a1).
According to Fig.2(a1) the first fractional plateau will
only exist below a critical magnetic field about 0.7T ,
where the zero mode E0− with positive Chern number
cross with the N = 1 mode of the inner hole-like LLs
with negative Chern number. The critical values for the
other fractional plateaus are smaller. However Fig.4(b)
shows that exotic plateaus can survive even above the
critical value but become less perfect. And they can ex-
ist even for Ef < −20meV while the phase with coun-
terpropagate edge states suggested in Fig.2(a1) lies be-
tween −20meV < Ef < −10meV . The reason is that
large enough magnetic field will move the Dirac cone
into the nontrivial band. And these two kinds of edge
states will couple to form an exotic energy band with two
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FIG. 10: (Color online) (a,b) Hall resistance RH and longitudinal resistance RL as a function of Fermi energy with fixed
magnetic field Bz. δV = 0, m0/B > 0.
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FIG. 11: (Color online) The energy dispersion for a nanorib-
bon with width of 480 nm for several magnetic field. Param-
eters are identical to those in Fig.10.
humps connected to the LL and its edge state, as shown
in Fig.5(a) and the inset of Fig.5(b). From Fig.2(a1), the
Chern number in the region Ef = −21meV and Bz = 1T
(see the green line in Fig.5(a) or inset of Fig.5(b)) is equal
to −1, and there should be only a hole edge state (the
state C, see inset of Fig.5(b)). However, due to the exotic
band with two humps, a pair of extra counterpropagate
edge states (states A and B) at one edge of the sam-
ple emerge. Fig.5(b) gives the distribution of the wave
functions of these extra states A, B and the hole edge
state C, and they are indeed edge states. Therefore,
the clockwise and anticlockwise edge states number is
(na, nc) = (1, 2) to give rise to the first fractional plateau
(RL , RH) = (
2
9h/e
2,− 13h/e2), although the Chern num-
ber is −1 as shown in Fig.2(a1).
The perfect QSH-like plateau (RL, RH) = (
1
2h/e
2, 0)
is consistent with the QSH-like phase suggested in
Fig.2(a1) (see the region with Chern number 0). But un-
like the QSH effect, counterpropagating edge states here
are caused by magnetic field with time reversal symmetry
broken. The width of this plateau increases to a maxi-
mum at Bz = 0.7T and then decreases as the magnetic
field Bz increases. It will disappear if the magnetic field
is larger than the critical value Bc = −~m0eB ≈ 4.1T .
Then we consider the case with SIA potential δV but
still in the QAH phase with m0/B < 0, δV = 10meV .
Fig.6 and Fig.7 show the longitudinal and Hall resistance
and the energy dispersion, respectively. The inner (outer)
bulk bands are nontrivial (trivial). Moderate magnetic
field can move the Dirac cone into the nontrivial band to
form the exotic energy band with two humps accompa-
nied by an insulator energy gap. The resistance will be
infinite in the gap region, see Fig.6. On the right side of
the gap is the QAH plateau and other IQH-like plateaus
consistent with the LL spectrum. On the left side of the
gap is the IQH-like and exotic plateaus. Comparing en-
ergy dispersion in Fig.7 and LL spectrum in Fig.2(a2), we
find that hole-like bands corresponding to the non-trivial
branch form obvious humps while those corresponding to
the trivial branch don’t. It indicates that the coupling
between intrinsic edge state and trivial band is weaker
than that to the nontrivial band, since the intrinsic edge
state is due to the nontrivial band. Increasing magnetic
field, hole-like LLs move downward except E0− (pink line
in Fig.7) which will move upward below aboutBc = 4.1T ,
see Fig.2(a2). For large enough magnetic field, E0− will
be the first hole-like LL without humps to vanish the im-
perfect QSH-like plateau. But the first fractional plateau
will remain since the second hole-like LL corresponds to
the nontrivial band, see Fig.2(a2).
In the following, the influence of magnetic field on QPH
phase is studied with SIA potential δV = 40meV . Fig.8
show the longitudinal and Hall resistance and Fig.9 is the
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FIG. 13: (Color online) The energy dispersion for a nanorib-
bon with width of 480 nm for several magnetic field. Param-
eters are identical to those in Fig.12.
energy band. Magnetic field moves two Dirac cones up-
ward and downward respectively to split the degeneracy.
Therefore there will be exotic plateaus for both nega-
tive and positive Fermi energy regime. But unlike the
QAH phase the intrinsic edge state can not enter inside
the bulk bands, see as Fig.7 and Fig.9. Therefore, only
the two innermost LL edge states can couple with the
intrinsic edge state and form the exotic band with two
humps, which cause the QSH-like plateau with the longi-
tudinal resistance h/2e2 and zero Hall resistance at small
magnetic field. The third and following exotic plateaus
will not appear. Increase the magnetic field, two humps
gradually fall and the QSH-like plateau disappear. At
the large magnetic field, the system come into the IQH
regime, in which the quantum Hall plateaus with the
plateau value h/ne2 (n = ±1,±2, ...) well form on both
the electron- and hole-sides and the longitudinal resis-
tance is zero, see Fig.8(b).
Finally, the case m0/B > 0 is studied. Only the QAH
phase is considered, since in trivial phase only IQH-like
plateaus appear which can be described by LL spec-
trum completely. Resistance curves for δV = 0 and
δV = 10meV are shown in Figs. 10 and 12. And they
can be understood following the analysis for m0/B < 0
with the energy dispersion (Figs.11 and 13) and LL spec-
trum (Fig.2(b1-2)). The exotic plateau may be successive
for δV = 0, see Fig.10(b), but separated by a IQH-like
plateau if δV 6= 0, see Fig.12(b), similar with that in the
case m0/B < 0. But unlike m0/B < 0, the inner (outer)
bands are nontrivial (trivial) whether SIA potential van-
ishes or not. Therefore exotic plateaus are imperfect even
for δV = 0.
To extensively show the effect of SIA potential, the
phase diagram at Bz = 3T is plotted in Fig.14. Inte-
gers show the Hall conductance (GH =
RH
R2H+R
2
L
) of the
region with zero longitudinal component (GL =
RL
R2H+R
2
L
)
which are consistent with Fig.2(a5,b5). Light green re-
gions are due to the formation of exotic bands and show
the region where the longitudinal resistance doesn’t van-
ish. They occupy the QH phase region partially and
narrow the insulator gap. The area of light green re-
gion is much smaller for m0/B > 0 comparing with that
for m0/B < 0. For large enough δV , the light green re-
gion will disappear since δV leads to the normal-insulator
phase.
V. CONCLUSION
In summary we have studied the effect of magnetic
field on an ultrathin magnetic topological insulator film
with structure inversion asymmetry term. We give the
11
FIG. 14: (Color online) Phase diagram at Bz = 3T in the plane of Fermi energy and SIA potential for (a) m0/B < 0 and (b)
m0/B > 0 respectively. Integers show the Hall conductance of the region with zero longitudinal component. Exotic plateaus
with nonzero longitudinal component form in the light green region.
phase diagram in the plane of the structure-inversion-
asymmetry strength and the Fermi energy and derive
the Landau level spectrum analytically. We find that
the quantum anomalous Hall phase will survive increas-
ing magnetic field. A new QSH-like phase will form at
moderate magnetic field. Transport properties is simu-
lated in Landauer-Bu¨ttiker formalism. Exotic resistance
plateau with nonzero longitudinal elements are predicted
in a standard Hall bar. Additionally, the effect of struc-
ture inversion asymmetry term on Landau level spectrum
and transport behavior is investigated in detail.
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